For each proper subgraph H of K 5 , we determine all pairs (k, d) such that every
whenever L is a k-list-assignment to G. Then (k, 0)
* -choosable and (k, 0) − -choosable both mean the same as k-choosable, and (k, 1) − -choosable, respectively. Thus to specify all pairs (k, d) for which a graph has one of these properties, it suffices to specify all the minimal such pairs. In [11] , the second author determined and tabulated, for every graph H with at most five vertices, all the pairs (k, d) such that every H-minor-free graph is (k, d) * -colourable or (k, d) − -colourable. The purpose of the present paper is to do the same for (k, d)
* -choosability and (k, d) − -choosability, and this purpose is achieved except that we have not been able to determine whether all K 5 -minor-free graphs are (4, 1)-choosable, or even whether there is any d for which they are all (4, d) − -choosable. Our results can be summarized as follows. If Table 1 is compared with the analogous table in [11] , it will be seen that there are two main differences. Firstly, H(17)-minor-free graphs and H(18)-minor-free graphs are all (2, 1)-colourable, but they are not all (2, 1)-choosable, and indeed are not all (2, d) * -choosable for any fixed value of the so-called 'defect' d. They have thus dropped down one category in Table 1 compared with [11] . (In view of this, the graphs H(13)-H(18) have been renumbered here compared with [11] .) Secondly, as a consequence of the 4-colour theorem, every K 5 -minor-free graph is 4-colourable. However, it is known [4, 5, 9] that not every planar graph, and hence not every K 5 -minor-free graph, is 4-choosable. Thomassen [8] proved that every planar graph is 5-choosable, andŠkrekovski [6] deduced from this that every K 5 -minor-free graph is 5-choosable. It is not known whether or not every planar graph (or every K 5 -minor-free graph) is (4, 1)-choosable, but the (3, 2) * -choosability of planar graphs was proved by Skrekovski [7] ; see ( [12] , section 4) for further information about planar, K 5 -minor-free and K 3,3 -minor-free graphs.
The rest of this paper is devoted to a proof of Theorem 1.1. For each row of 
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Examples
In this section we present examples to show that the results listed in Table 1 Example F k,0 : This is defined to be K k+1 , which is not k-colourable, and so not k-choosable, and has no minor with k + 2 vertices.
: This is defined to be K 1,d+1 , which is not (1, d) * -colourable, and so not (1, d) * -choosable. It cannot have as a minor any graph containing either a circuit or a path with more than 2 edges, which includes H(i) for i ∈ {3, 4, 6, . . . , 10, 12, . . . , 24}. Also, G * [11] , the graphs that G * 2,d must not have as a minor now include H(17) and H(18). This means that we cannot use the same example as was used for a non-(2, d)
* -colourable graph in [11] , namely K 1 + (d + 1)K 1,d+1 , since it has both H(17) and H(18) as minors when d 1. Indeed all H(17)-minor-free graphs and H(18)-minor-free graphs are (2, 1)-colourable, and hence (2, d)
* -colourable when d 1. We thus need a new example, which does not have either H(17) or H(18) as a minor, and is therefore (2, d) To show that G is not (k, d) * -choosable, assign disjoint lists of size k to the k vertices in X, and for each of the k k transversals of these k lists, assign that transversal as list to kd + 1 vertices of Y . Then in whatever way the vertices of X are coloured from their lists, there will be kd + 1 vertices of Y that have no colour in their list that has not already been used on X; at least d + 1 of these vertices must use the same colour, giving a monochromatic K 1,d+1 in G.
To show that G is K k+2 -minor-free, we show that every minor of G is (k+1)-colourable. Consider the (proper) (k + 1)-colouring of G in which the vertices of X are coloured 1, . . . , k, and all vertices of Y are coloured k + 1. Whenever an edge of G is contracted, give the new vertex the smaller of the colours of the two vertices that were merged into it. Since there is never more than one vertex with each of the colours 1, . . . , k, and no new vertex ever gets colour k + 1, the resulting colouring is proper.
It remains to show that G * (17) is not a minor either, it suffices to note that every minor of K 2,8d+4 is a subgraph of
: This is defined to be P d+2 (the path with d + 2 vertices), which is not (1, d) − -colourable, and so not (1, d) − -choosable. It cannot have as a minor any graph containing either a circuit or a vertex of degree 3, which includes H(i) for i ∈ {3, 5, . . . , 9, 11, . . . , 22}. Also, G − 1,1 (P 3 ) does not have H(4) (P 4 ) as a minor, and G − 1,2 (P 4 ) does not have H(10) (P 5 ) as a minor.
Chartrand, Geller and Hedetniemi [1] showed how to construct, for each d, a graph that is planar, and hence K 5 -minor-free, but not (3, d) − -colourable; we can take this as G − 3,d . And they [2] and Woodall [11] gave different constructions for a graph that is outerplanar, and hence without K 4 and K 2,3 minors, that is not (2, d) − -colourable; we can take this as G
Example V 4,0 : We need a graph that is planar, and hence K 5 -minor-free, but not 4-choosable. Voigt [9] gave the first example of such a graph. Other examples are due to Gutner [4] and Mirzakhani [5] .
Arguments
We will use the following four theorems; the first is already known, and the other three are proved in section 4. Here K 5 − e denotes the graph obtained from K 5 by deleting one edge. A monochromatic H-minor is a monochromatic subgraph that contracts to H. We now summarize the arguments needed to prove the results listed in Table 1 . Note that if H(i) is a minor of H(j), then every H(i)-minor-free graph is also H(j)-minorfree, and so an argument X k,d that applies to H(j)-minor-free graphs will also apply to H(i)-minor-free graphs as well.
We use these names when none of our other arguments prove the result but the result is obvious anyway. For example, O * 1,3 applied to H(11) says that every K 1,4 -minor-free graph can be 1-coloured in such a way that there is no monochromatic K 1,4 subgraph.
Argument H k,0 : The choosability analogue of Hadwiger's conjecture, that every K k+1 -minor-free graph is k-choosable, is easy to prove if k 2, and it holds if k = 3 since K 4 -minor-free graphs are 2-degenerate [3] . (As we have already seen, it does not hold if k = 4.) 
Proofs
We first prove Theorem 3.2. We start by proving a lemma. A theta graph is a graph that is the union of three internally disjoint paths connecting the same two vertices. A bad edge is an edge whose endvertices have the same colour.
Proof. (a) Let G 1 consist of three paths P 1 , P 2 , P 3 connecting two vertices a, b, and suppose that u is in P 1 . The remaining vertices of P 1 (including a and b) can easily be coloured with no bad edges. Colour the internal vertices of P 2 and P 3 in order from a towards b, and from b towards a, respectively, so that there are at most two bad edges, namely the edge of P 2 incident with b and the edge of P 3 incident with a. If the resulting colouring is not an (L 1 , 1)-colouring then these edges are both bad and are adjacent to each other. Thus one of P 2 and P 3 , say P 2 , has length 1, and the other, P 3 , has length at least three (since for the edge of P 2 to be bad, a and b must have the same colour); so changing the colour of the vertex in P 3 adjacent to a will create the required (L 1 , 1)-colouring. (Clearly u is properly coloured.) (b) Let G 2 be a subdivision of K 4 and let L 2 be a 2-list-assignment to G 2 . Let the vertices of degree 3 in G 2 be a, b, c, d, and let C be the circuit containing a, b and c but not d. The vertices of C can easily be coloured so that there is at most one bad edge. Now all remaining vertices other than d can be coloured without introducing any more bad edges, and finally d can be coloured so as to introduce at most one more bad edge. There are now at most two bad edges. If there are two, and they induce a monochromatic K 1,2 , then change the colour of the middle vertex; since its degree is at most 3, we now have at most one bad edge, and we have the required (L 2 , 1)-colouring of G 2 . 2
The following theorem implies Theorem 3.2, since H(16)
Theorem 4.1. Let G be an H(16)-minor-free graph, and let L be a 2-list-assignment to G. Then G is (L, 1)-colourable. Moreover, if G is not a subdivision of K 4 , and u is a vertex that has degree at most 2 in each block that contains it, and u is precoloured with a colour from its list, then this colouring of u can be extended to an (L, 1)-colouring of G in which u is properly coloured.
Proof. There is no loss of generality in assuming that G is connected. Suppose first that G is a block (i.e., G has no cutvertex). Then it is easy to see that G has maximum degree at most three and is K 2 , a circuit, a theta graph, or a subdivision of K 4 . Thus the result follows from Lemma 4.1.1.
So suppose that G has a cutvertex x, and note that x has degree at most 2 in each block that contains it, since otherwise G has an H(16) minor. For the same reason, no block of G is a subdivision of
, and G i is connected and has more than one vertex (i = 1, 2). Then we may assume inductively that we can extend the given colouring of u to an (L, 1)-colouring of G 1 in which u is properly coloured (where by a slight abuse of terminology we write L for the restriction of L to V (G 1 )), and we can extend the resulting colouring of x to an (L, 1)-colouring of G 2 in which x is properly coloured. The union of these two colourings is the required (L, 1)-colouring of G in which u is properly coloured. 2
We now prove the main structural lemma needed for the proof of Theorem 3.3.
Lemma 4.2.1. Let G be a 3-connected (K 5 − e)-minor-free graph. Then G is either a wheel , or the triangular prism, or K 3,3 .
Proof. We first need some notation and preliminary results. Suppose that H is a wheel, or the triangular prism, or K 3,3 , and that G has a subgraph H ′ that is a subdivision of H, but G is not isomorphic to H. If ab is an edge of H, or abc is a triangle of H, then we denote by P ab or T abc the subgraph of H ′ corresponding to the edge ab or the triangle abc, and refer to it as a subdivided edge or a subdivided triangle, respectively, of H ′ (even if the edge ab or triangle abc has not in fact been subdivided). We will need the following results.
Claim 1.
If P ab is a subdivided edge of length at least two in H ′ (i.e., the edge ab has really been subdivided ), then there is a path P in G such that one endvertex of P is an internal vertex of P ab , the other endvertex is a vertex of H ′ that is not in P ab , and no other vertex of P is in H ′ .
Proof. If there were no such path P , then {a, b} would be a cutset of two vertices in G, which is impossible since G is 3-connected. 2 Claim 2. G has a minor that is isomorphic to a graph that can be obtained from H in one of the following two ways: (a) by adding a new edge e 1 that joins a vertex of a triangle in H to a new vertex v 1 subdividing the opposite edge of the triangle; (b) by adding a new edge e 1 that joins two nonadjacent vertices of H.
Proof. We consider three cases.
Then there is a subdivided edge P ab of length at least two in H ′ , and hence a path P as in Claim 1. Then G has a minor formed as in (a) if P joins two vertices that are both in the same subdivided triangle of H ′ , and formed as in (b) otherwise. that a, b, c form a triangle in H ′ , since this would imply that H is a wheel or the triangular prism and hence that G has K 5 − e as a minor. Thus some two of a, b, c are nonadjacent and G has a minor formed as in (b). This proves Claim 2. 2
We can now proceed with the proof of Lemma 4.2.1. Since G is 3-connected, it has minimum degree at least 3, and so contains a subgraph H ′ that is a subdivision of K 4 [3] . If G ∼ = K 4 , which is the wheel W 3 , then we are finished; so suppose
and, since G is 3-connected, G contains three internally disjoint paths that connect v to three vertices of H ′ ; but then G has a K 5 − e minor, contrary to hypothesis. Thus we may assume that H ′ ∼ = K 4 . Let the vertices of degree 3 in H ′ be a, b, c, d, and assume that P ab has length at least 2. Let P be a path, as in Claim 1, joining an internal vertex u of P ab to a vertex v of H ′ outside P ab . If v ∈ {c, d} then H ′ ∪ P is a subdivision of W 4 ( Fig. 1(a) ). If v is an internal vertex of any of the subdivided edges P ac , P ad , P bc and P bd then H ′ ∪ P is a subdivision of the triangular prism ( Fig. 1(b) ). And if v is an internal vertex of P cd then H ′ ∪ P is a subdivision of K 3,3 ( Fig. 1(c) ). Assuming that the result of the lemma is false, we will obtain a contradiction by considering three cases.
Case 1: G contains a subdivision of W 4 . Choose n maximal such that G has a subgraph W ′ n that is a subdivision of W n . Let the vertices of degree 3 in W ′ n be a 1 , . . . , a n , and let the vertex of degree n be b. If G ∼ = W n then we are finished; so suppose this is not the case. We want to obtain a contradiction.
• Fig. 2 . Adding an edge to W n gives a K 5 − e minor. Suppose first that G contains a path P , as in Claim 1, that joins two vertices in a subdivided triangle, say T a 1 a 2 b , of W ′ n . If P joins b to a point on P a 1 a 2 then G contains a subdivision of W n+1 , which contradicts the maximality of n. If not, then by contracting edges we form a subgraph isomorphic to W n + e 1 , where e 1 joins a 1 to a new vertex c subdividing the edge a 2 b (Fig 2(a)) ; then by contracting all edges of the path a 2 a 3 . . . a n−1 we obtain K 5 − e as a minor, which is again a contradiction.
So suppose that G does not contain such a path P . Then, applying Claim 2 with H = W n , G has no minor formed as in Claim 2(a), and so it must have a minor formed as in Claim 2(b), by adding an edge joining two nonadjacent vertices of W n ; let these be a 1 and a i , where 3 i n − 1 (Fig 2(b) ). Then by contracting all edges of the paths a 3 , . . . , a i and a i+1 , . . . , a n we again obtain K 5 − e as a minor. This contradiction completes the discussion of Case 1.
Case 2: G has a subgraph H ′ that is a subdivision of the triangular prism H. Then G has a minor isomorphic to a graph that is formed from H as in Claim 2(a) or (b). In view of the symmetry of H, there are only two nonisomorphic graphs of this form, and Fig. 3 shows that both of them have K 5 − e as a minor, which is a contradiction.
• Fig. 3 . Adding an edge to the triangular prism gives a K 5 − e minor.
Case 3: G contains a subdivision of K 3,3 . By Claim 2, G has a minor isomorphic to a graph of the form K 3,3 + e 1 , where e 1 joins two nonadjacent vertices of K 3, 3 . If e 2 is any edge of K 3,3 not incident with either of these vertices, then contracting e 2 in K 3,3 + e 1 gives K 5 − e, again contradicting the fact that G is (K 5 − e)-minor-free. In every case we have a contradiction, and so the proof of Lemma 4.2.1 is complete. 2
If U is a set of vertices of a graph G, we say that a colouring of G is U-proper if no vertex in U has any neighbour outside U with the same colour as itself; this does not rule out the possibility that two adjacent vertices of U (or two adjacent vertices outside U) may have the same colour as each other. If u and v are two adjacent vertices of G that are precoloured, and every other vertex x of G is assigned a list L(x) of colours, then by an (L, d, {u, v})-proper colouring of G we mean a {u, v}-proper colouring in which each vertex x / ∈ {u, v} receives a colour from its own list and has at most d neighbours with the same colour as itself. (Even if d = 0, this still allows u and v to have the same colour.)
The following theorem implies Theorem 3.3. Proof. There is no loss of generality in assuming that G is connected. There are three cases to consider.
Case 1: G is 3-connected. By Lemma 4.2.1, G is either a wheel or the triangular prism or K 3,3 . Taking account of the different possibilities for the vertices u and v, we have one of the five cases in Fig. 4 . In each case, with the vertex w chosen as illustrated, G − w is 2-degenerate, and indeed we can properly colour the uncoloured vertices of G − w from their lists by ensuring that each has at most two coloured neighbours at the time it is coloured. If k = 4 we can now colour w properly. If k = 3 then we can colour w differently from any two of its neighbours, leaving at most one bad edge incident with w, which we can choose not to be the edge vw or (if it exists) uw. This gives the required (L, d, {u, v})-proper colouring of G.
Case 2: G is 2-connected but not 3-connected. Let X = {x, y} be a cutset of two vertices and let G 1 and G 2 be subgraphs of G, each with at least three vertices, such that G = G 1 ∪ G 2 and G 1 ∩ G 2 is the subgraph induced by X. Since u, v are adjacent, we may assume that they both lie in G 1 . If x, y are nonadjacent let G
Since G is 2-connected, there is a path in G 2 from x to y, as otherwise x or y would be a cutvertex of G. Thus G ′ 1 is a minor of G, and so it is (K 5 − e)-minor-free, and similarly so is G Theorem 4.3. Let G be a K 5 -minor-free graph, let L be a 4-list-assignment to G, let U be a set of at most three mutually adjacent vertices in G, and suppose that the vertices of U are all precoloured from their lists. Then this colouring of U can be extended to a U-proper (L, 2) * -colouring of G.
Proof. There is no loss of generality in assuming that G is edge-maximal, that is, that the addition of any further edge to G would create a K 5 minor. Wagner [10] proved that such a graph either is a maximal planar graph, or is a certain 3-regular triangle-free graph V 8 , or has a cutset of at most three mutually adjacent vertices. (V 8 , a Möbius ladder , is obtained from a circuit of length eight by joining each pair of diagonally opposite vertices by a new edge.) Suppose first that G is a maximal planar graph (a triangulation). There is no loss of generality in assuming that |U| = 3, say U = {u, v, w}. Let L ′ be obtained from L by removing the given colour of w from every other vertex; then L ′ is a 3-list-assignment to G − w. By ( [12] , Lemma 4.2), which says that a planar graph is (3, 2)
* -choosable even if two adjacent vertices are precoloured, the given colouring of u and v can be extended to a (u, v)-proper (L ′ , 2) * -colouring of G − w, and this gives the required U-proper (L, 2) * -colouring of G.
Suppose next that G ∼ = V 8 . Since G has maximum degree three, each uncoloured vertex can be coloured in turn to give a U-proper (L, 2) * -colouring of G. (Indeed, this can be chosen to be an (L, 1)-colouring, or even an (L, 0)-colouring unless |U| = 2 and the two vertices of U have the same colour.)
Suppose finally that G has a cutset X consisting of at most three mutually adjacent vertices. Let G 1 and G 2 be subgraphs of G, each with at least |X| + 1 vertices, such that G = G 1 ∪ G 2 and G 1 ∩ G 2 is the subgraph induced by X. Since all vertices in U are mutually adjacent, we may assume that U ⊆ V (G 1 ). We may assume inductively that the given colouring of U can be extended to a U-proper (L, 2)
* -colouring of G 1 , and that the resulting colouring of X can be extended to an X-proper (L, 2) * -colouring of G 2 , and the union of these two colourings is the required U-proper (L, 2) * -colouring of G. 2
